This paper is concerned with the random exponential attractor for second order non-autonomous stochastic lattice system with multiplicative white noise and unbounded nonlinearity. Firstly, we transfer the stochastic lattice system into a random lattice system without noise term whose solutions generate a continuous cocycle on a weighted space of infinite sequences. Then we present some sufficient conditions for the existence of a random exponential attractor for a continuous cocycle in the product weighted space of sequences, which improved the existing conditions. Finally, we prove the existence of a random exponential attractor for the considered system in weighted space of sequences.
Introduction
It is well known that the dynamics of a random dynamical system can be determined by the random attractor. However, the speed of a random attractor attracting orbits is sometimes relatively slow and the dimension of a random attractor is maybe infinite [1] . To this end, Shirikyan and Zelik [2] introduced the random exponential attractor (a positively invariant measurable set with a finite fractal dimension and attracting any trajectory exponentially) for an autonomous random dynamical system. The random exponential attractor (if it exists) contains the random attractor with finite fractal dimension, which implies that the dynamics of a random dynamical system can be described by finite independent parameters. Recently, Zhou in [3] established the existence of a random exponential attractor for a continuous cocycle (non-autonomous random dynamical system) on a separable Banach space and the first order stochastic lattice system driven by linear multiplicative white noise.
In this paper, we consider the following second order non-autonomous stochastic lattice system with multiplicative white noise and initial conditions: for every τ ∈ R and t > τ , ⎧ ⎨ ⎩ü i + γ (Au) i + αu i + (Au) i + λ i u i + f i (u i , t) = g i (t) + cu i •Ẇ (t), i ∈ Z, u i (τ ) = u 0,iτ ,u i (τ ) = u 1,iτ , i ∈ Z, (1) where i ∈ Z, u = (u i ) i∈Z ,u = (u i ) i∈Z , α, c > 0, γ ≥ 0, λ i > 0, u i , g i (t), f i (u i , t) ∈ R, and A is a non-negative linear coupled operator; W (t) is a two-sided real-valued Wiener process on a probability space (Ω, F, P), where Ω = {ω ∈ C(R, R) : ω(0) = 0}, the Borel σ -algebra F on Ω is generated by the compact open topology, and P is the Wiener measure on (Ω, F) [4] ; "•" in (1) denotes the Stratonovich sense in the stochastic term.
For the second order autonomous stochastic lattice system (1) (f i (u i , t) = f i (u i ), g i (t) = g i independent of t) with multiplicative and additive white noise, the existence and upper semi-continuity of the random attractor have been studied by some authors; see [5] [6] [7] [8] [9] [10] [11] [12] . But as is well known, there is no result concerning the dimension of random attractor and existence of random exponential attractors for second order autonomous and nonautonomous stochastic lattice system (1) . Based on the ideas of [3, 5, 9] , in this paper, we aim to prove that under certain conditions, the system (1) possesses a random exponential attractor in weighted spaces of sequences, which implies that the corresponding autonomous and non-autonomous stochastic systems (1) have the random attractors with finite fractal dimension.
Random exponential attractor for second order non-autonomous stochastic lattice system
Let ρ: Z → (0, +∞), ρ i = ρ(i) for i ∈ Z be a positive weight function. Write
Consider the system (1), which can be written in the following vector form:
where
The operator A has a decomposition A = DD = DD, where D is a bounded linear operator defined by
and we make the following assumptions on ρ i , f i , g i , λ i :
, and there exist positive constants a 1 , a 2 , a 3 , a 4 , λ,λ > 0 and functions , γ = 0,
then the norms · ρ , · λ,ρ and · δ,λ,ρ are equivalent to each other because
, then H is a separable Hilbert space. Let (Ω, F, P) be defined in Sect. 1. Define a family of mappings (θ t ) t∈R on Ω:
is an ergodic metric dynamical system [4] . Let us consider the Ornstein-Uhlenbeck stationary process z(θ t ω) = -α 0 -∞ e αs (θ t ω)(s) ds for t ∈ R and ω ∈ Ω, which solves the Itô stochastic equation
It is well known that the random variable |z(ω)| is tempered and there exists Ω 0 ⊆ Ω with P(Ω 0 ) = 1, such that for every ω ∈ Ω 0 , t → z(θ t ω) is continuous in t and
For convenience, we still write Ω 0 as Ω. Introduce a variable transformationv = u t + εu -cuz(θ t ω), then the problem (2) is equivalent to the following random system:
It follows from assumptions (A1)-(A4) and theory of ordinary differential equations that, for every ω ∈ Ω, τ ∈ R and ϕ τ (ω) =
over R and (Ω, F, P, (θ t ) t∈R ) with state space H.
Random exponential attractor
In this subsection, we present the definition and existence conditions of a random exponential attractor for the continuous cocycle
be the collection of all the tempered families of nonempty subsets of H [3] . A family D = {D(τ , ω) ⊂ H} τ ∈R,ω∈Ω of nonempty subsets of H is said to be tempered with respective to
) is the minimal number of balls with radius ε covering A(τ , ω) in H; (iv) there exists a constantã > 0 such that, for any
, where d h denotes the Hausdorff semidistance between two subsets.
Based on Theorem 2.8 in [13] and Theorems 2.1-2.4 in [3] , by making some slightly revision in the proof, we have the following theorem.
Theorem 2.1 Consider the continuous cocycle
(B1) There exist a family of uniformly (with respect to τ ∈ R) tempered closed
where E denotes the expectation.
Then {Φ(t, τ , ω)} t≥0,τ ∈R,ω∈Ω has a random exponential attractor {A(τ , ω)} τ ∈R,ω∈Ω such that, for every τ ∈ R, ω ∈ Ω and t ≥ 0,
Remark 2.1 The condition (B2) in Theorem 2.1 above is different from the corresponding condition in the well-known publication [3] .
In the following, we will prove the existence of a random exponential attractor for Φ based on Theorem 2.1.
Estimations of bound and tail of solutions
In the following part of this section, we always assume that conditions (A1)-(A4) and
hold.
Lemma 2.1 For every
Proof From (3) and (8), it is easy to see that M 0 (ω) is a tempered random variable. Taking the inner product of (4) with
The second term of (9) is
From [14] , we have
By (A4), (10)- (12), we have
The right-hand side of (9) is
For each term of (13), we have
By (A2) we have
By the Young inequality, we obtain
By (A4) and (20),
from (21), we get
From (22), we have
Thus, by all the above inequalities, we have
Then, for r ≥ τ -t, we have
By the Gronwall inequality applied to (24) on [τ -t, r], we obtain
and let r = τ , it follows that
By
and (8), we have
Thus, the proof is completed.
then D 0 is a tempered family. By Lemma 2.1, there exists T D 0 (ω) > 0 (independent of τ ) such that, for any ω ∈ Ω, τ ∈ R,
Choosing a smooth increasing function η ∈ C 1 (R + , R) satisfies
Lemma 2.2 For every
where (28)
Proof Let I ∈ N be a suitable large integer, and set
Taking the inner product (·, ·) H of (4) with w, we have
By some computations, it follows that
Thus, by putting (30)- (37) into (29), we obtain, for r ≥ τ -t,
By applying the Gronwall inequality to (38) on [τ -t, τ ], we have
Since ξ 1 (ω) is tempered and ξ 1 (θ t ω) is continuous in t, by Proposition 4.3.3 of [15] , for the fixed number μ > 0, there exists a tempered random variable σ (ω) such that ξ 1 (θ t ω) ≤ σ (ω)e μ 3 |t| for t ∈ R. Thus, by (25),
From (A4) and (22)
thus, (40) can be written as
Thus, by (39) and I ≥ 1, we have
By (3), we have
as t → +∞. Hence, by (41)-(42), for any ν > 0, I ∈ N, there exists T ν (ω) > 0, such that
This completes the proof. 
Existence of random exponential attractor
In this subsection, we prove the existence of a random exponential attractor for Φ based on Theorem 2.1. Obviously, the family of tempered closed random subsets D 0 = {D 0 (ω)}} τ ∈R,ω∈Ω satisfies condition (B1) in Theorem 2.1.
Taking a small enough positive constant ν 0 > 0 such that
For any ω ∈ Ω, set
Now let us show that {X 1 (τ , ω)} τ ∈R,ω∈Ω satisfies (B2) of Theorem 2.1. For any τ ∈ R, ω ∈ Ω, t ≥ 0, and
.
By Lemma 2.2 and (44), we have
By ( 
Then, by (51), (53) and (66), Proof By (5), (6) and (44), it follows that, for ϕ ∈ X 1 (τ , ω) and t ≥ 0, 
